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Abstract 
Suppose a square or a 1:2 rectangle is dissected into 1:2 rectangular elements of different 
sizes. What orders (i.e., numbers of elements) are possible? We show: There are dissections of 
squares of all orders >I 9. There are dissections of 1:2 rectangles of all orders t> 8. There are 
no dissections of smaller order. 
1. Introduction 
In the well-known problem of squaring the square, one wishes to dissect a square 
into smaller squares (the elements of the dissection) no two of which are the same 
size. A dissection is compound if a subset of its elements (more than one and less than 
all) forms a rectangle; otherwise the dissection is simple. The order of a dissection is 
the number of elements. The smallest order of a simple dissection of  a square is 21 
[4]; the smallest order of  a compound issection is 24 [7]. 
We consider the related problem of dissecting either a square or a 1:2 rectangle 
(one whose ratio of height to width is ½ or 2) into elements that are 1:2 rectangles no 
two of which are the same size. What orders can occur? Because rectangular elements 
have two possible orientations, we expect dissections (both simple and compound) of 
much smaller order than with square elements. Indeed, we obtain the following main 
results: 
1. For every n >_-9, there is an order-n dissection of a square into 1:2 rectangles. 
There is no dissection of  order less than 9. 
2. For every n ~> 8, there is an order-n dissection of a 1:2 rectangle into 1:2 rect- 
angles. There is no dissection of order less than 8. 
To reach these conclusions, we employ ideas from the basic paper of Brooks et al. [3], 
particularly the theory of producing dissections from the so-called c-nets (3-connected 
planar graphs). We build on the following results of Miiller in [8]: 
0012-365X/96/$15.00 (~) 1996--Elsevier Science B.V. All rights reserved 
SSD1 00 12-365X(94)00267-3 
108 C.H. Jepsen /Discrete Mathematics 148 (1996) 107-117 
7 9 
10 
8 314 
Fig. 1. A compound order-8 dissection of an 18 × 36 rectangle. (101,7,9) (8',2 I) (3, 1) (41). 
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Fig. 2. A compound order-10 dissection of a 34 × 34 square. (13, 10, 11) (3, 7) (1,2', 6) (5) (8'). 
(a) There is no dissection (simple or compound) of a square into 1:2 rectangles 
whose order is less than 8. There is no dissection (simple or compound) of a 1:2 
rectangle of order less than 8. 
(b) There is no simple order-8 dissection of a square. There is no simple order-8 
dissection of a 1: 2 rectangle. 
(c) There is a compound order-8 dissection of a 1:2 rectangle (see Fig. 1). The 
caption in Fig. 1 gives a code analogous to the Bouwkamp code for dissections into 
squares. Each number is the shorter side of an element. A number with a prime denotes 
an element oriented horizontally; no prime means a vertical orientation. This dissection, 
and each subsequent one, is scaled so that the dimensions of the elements are integers 
with no common factor. 
(d) There is a compound order-10 dissection of a square (see Fig. 2). 
(e) For every n~>13, there is a compound order-n dissection of a 1:2 rectangle. 
Table 3 contains the code of a dissection of order 13. 
We begin our study of the remaining orders by considering simple dissections 
(Section 2). In Section 3 we return to compound dissections; we finish in Section 
4 with four open questions. 
2. Simple dissections 
We start our investigation by noting that all dissections in [8] are compound. Are 
there simple dissections of low order? To answer this question, we establish a theorem 
that produces all simple dissections of rectangles into n rectangular elements. 
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Fig. 3. A c-net yields a simple dissection: (a) a c-net with 12 edges and 6 vertices; (b) the p-net obtained 
by removing the edge joining P, and P6; (c) the dissection given by the p-net. 
Following [3], we begin with a list of all c-nets (3-connected planar graphs) having 
n+ 1 edges. (Drawings of c-nets with at most 14 edges can be found in [1].) Suppose 
a c-net has m + 1 vertices. Removing one edge yields a p-net with n edges and 
m + 1 vertices; this p-net corresponds to a dissection of a rectangle. (See Fig. 3 for 
an example with n = 11.) 
Label the vertices Pl . . . . .  Pm+l of the p-net so that the horizontal line segment 
through Pi is above the segment hrough Pj if i < j. (Thus PI and Pra+l are the poles 
of the p-net.) Let Eij denote the element in the dissection whose top and bottom edges 
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lie along segments containing Pi and Pi. (The edges in the p-net are also labeled Eij.) 
Let hij and wij be the height and width of Eij and let wij = cijhij. If h and ~ are 
the column n-vectors consisting of the h~j and w~j, respectively, and if C is the n × n 
diagonal matrix whose diagonal entries are the cij, then ~ = Ch. For i = 1 . . . . .  m, let 
y~ be the distance between the horizontal line segments through Pi and Pro+t; note that 
hij = Yi -- Yj .  Let f be the column m-vector of the y~. Let ~' be the column m-vector 
with first entry 1 and all other entries 0. 
Form the m × n matrix B as follows. Label the n columns of B by the indices for 
the n elements. The entries in B are: 
The ith entry in column (ij) is 1. 
If j < m, the jth entry in column (ij) is -1.  
All other entries are 0. 
In the example, we have 
(12) (14) 
1 1 
-1 0 
B= 0 0 
0 -1  
0 0 
(15) (23) (24) (26) (34) (36) (45) (46) (56) 
1 0 0 0 0 0 0 0 0 
0 1 1 1 0 0 0 0 0 
0 -1 0 0 1 1 0 0 0 
0 0 -1 0 -1 0 1 1 0 
-1  0 0 0 0 0 -1 0 1 
Theorem 1. The vectors h and ~ are determined, up to multiplication by a constant, by 
the matrices B and C. We find/~ and ~ by solving (BCB T) ~ = ~ for ~ and computing 
f i  = B~ y, ~ = c f i .  
Proof. ~ = C/~ is immediate from the definitions and h = BT~ is a restatement of the 
system of equations hij = yi - Yi- The equation (BCB T) fi = ~ is the same as B~ = ~'. 
The first entry in Br~ is ~_,yWmy, the width of the dissected rectangle, which we can 
take to be 1. For i > 1, the ith entry in B~ gives: 
- (sum of the widths of the elements above the horizontal line segment through P;) 
+ (sum of the widths of the elements below the horizontal line segment through Pi). 
This number is 0. 
To show that ~ is unique (thus showing that h and ~ are unique), we show that BCB T 
is nonsingular. Note first that, by construction, B has m linearly independent columns 
(columns (l j l) ,(2j2) . . . . .  (mjm) for any choice of the j 's). Thus the rank of B r is m. 
We now show that B T and BCB T have the same nullspace, implying that they have 
the same rank, since both matrices have m columns. Certainly the nullspace of B T lies 
in the nullspace of BCB T. Conversely, suppose (BCB T) £ = O. Then £T (BCB T) £ = O. 
Let ~ be the n x n diagonal matrix whose diagonal entries are v '~ and note that 
C = v/-Cv'~ T. Then £T(BCBT)£= (.~TBv/-C) (v~TBT.~) = (v~TBT£) T(v~TBT~) = 
0 says I Iv~TBTI I I  2 = 0 SO V/-CTBT~ = 6. Since v/-C T is nonsingular, Ba'~ = 6. This 
shows that the rank of BCB T is m. Consequently, BCB T is nonsingular and ~, h, and 
ff are unique. 
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Table 1 
Simple dissections of squares 
111 
Order; side Code 
11; 62 
11; 70 
12; 52 
12; 54 
12; 104 
12; 104 
12; 122 
12; 124 
12; 128 
12; 142 
12; 146 
12; 148 
12; 148 
12; 160 
12; 160 
12; 188 
12; 204 
(21,23, 18) (5, 13) (10,3,4') (2', 16') (7) 
(27,22,21) (2',3,14) (5,13,4') (ll) (16') 
(17,12',11) (13,6,5) (1,15) (7) (9,4') (14') 
(20',14) (17,11,C) (8,3,1) (2,13) (5) (12') 
(30',20,24) (29,26,5) (21,4) (28) (3,22') (16') 
(40',24) (32, 14, 15',4) (9', 10) (13',2') ( l l ' )  (36') 
(49,34,39) (15, 19) (17,22) (24',8') (16',3) (10') 
(47,39,38) (14,24) (16',7) (1,6) (30',10') (20') 
(48,40') (28,31,21) (10, ll) (32',6') (26', 1) (12) 
(54,44') (39,49) (17, 16',5) (3,2) (1,20') (18') 
(43,32',39) (27,37) (14,25) (30,20') (40', ll) (18') 
(47,28,32,41) (24,4) (18') (22',33) (27,10') (44') 
(59,39,50) (19, 10') (14,6) (16',24) (1,32') (30') 
(56',48) (52,30') (29,26,5) (21,32) (3,22') (16') 
(63,49,48) (8',32) (14,23,6') (28) (34',9) (16') 
(76',36) (4',3,25) (56,46',8,2') (7) (15) (66') 
(82',40) (2',36) (61,44', 19) (3, 16) (39,26') (52') 
It should be noted that the uniqueness of h and ~ follows from a particular 
labeling of the p-net that arises from the dissection. In practice, we label the ver- 
tices in the interior of the p-net arbitrarily and compute h and ~ from the theo- 
rem. Here an hij corresponding to an interior element may be negative. This simply 
indicates an alternate placement for that element. For instance, in the above exam- 
ple, if h23 is negative, element E23 lies above the bottom edge of E12 instead of 
below it. 
To summarize, we have a procedure that starts with a p-net and a choice of the 
cij and produces the dimensions of the elements in a dissection of a rectangle. If  the 
elements are 1: 2 rectangles, each c~j is either ½ or 2. Hence a p-net with n edges yields 
2 n dissections of rectangles into 1: 2 rectangular elements. The theory in the basic paper 
[3] shows that all simple dissections of order n are produced in this manner from the 
complete collection of c-nets with n + 1 edges. 
The program we used to generate all simple dissections of order at most 12 allowed 
us to dispose of all missing orders, l
We found that: 
(1) There are no simple dissections of squares whose orders are 9 or 10. 
(2) There are 2 simple order-11 dissections of squares. 
The codes are given in Table 1 and the smaller square is Fig. 4. Both of these 
squares come from the p-net in Fig. 3. 
(3) There are 15 simple order-12 dissections of squares. 
I My colleague Eugene A. Herman wrote a C program to carry out this procedure. His invaluable assistance 
is gratefully acknowledged. 
112 C.H. Jepsen /Discrete Mathematics 148 (1996) 107-117 
21 
10 [ 3i47 
16 
23 18 
13 
Fig. 4. A simple order-I 1 dissection of a 62 x 62 square. (21,23, 18) (5, 13) (10,3,4') (2', 16') (7). 
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Fig. 5. A simple order-12 dissection of a 52 x 52 square. (17, 12', 11) (13, 6, 5) (1, 15) (7) (9,4') (14'). 
Again the codes are in Table 1; the smallest square is Fig. 5. 
(4) There are no simple dissections of 1:2 rectangles whose orders are 9, 11, or 12. 
(5) There are 2 simple order-10 dissections of 1:2 rectangles. 
The codes are in Table 2 and the smaller rectangle is Fig. 6. 
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Table 2 
Simple dissections of 1:2 rectangles 
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Order; shoaer side Code 
10; 31 (17',10,4,7') (1',12) (6) (14',3') (11') 
10; 59 (24,28',19') (9',20) (12,31') (11',2) (7') 
4 
7 
17 ~-  12 6 
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14 11 
10 
Fig. 6. A simple order-10 dissection of a 31 × 62 rectangle. (17', 10,4,7') (1', 12) (6) (14',3') (11'). 
3. Compound dissections 
Figs 2, 4, and 5 show dissections of squares of orders 10, 11, and 12. I have found 
several examples of dissections of order 13. For example, there is a simple dissection 
of an 80 x 80 square with code (28', 11, 13) (3, 4')  (1, 10') (26, 18, 8') (14, 22) (16 I) and 
a compound dissection with code (28,7,9, 18 I) (5,2) (3,22 t) (8) (16',20) (12,241). 
We now observe that dissections of 1:2 rectangles produce compound dissections of 
squares. Namely, a dissection of order n of a 1: 2 rectangle yields a dissection of order 
n + 1 of a square. For, given a 1:2 rectangle dissected into n elements, we create a 
square by adjoining a single element of size equal to the given rectangle. It follows 
from (c) and (e) in Section 1 that there exist compound dissections of squares of 
orders 9 and all n>~ 14. 
To dispose of order 8, we employ the following technique: Find all dissections 
(simple and compound) of all rectangles into 8 elements and note that no such rectangle 
is a square. (This is theapproach used by Miiller to show (a) in Section 1.) A computer 
search helped enumerate the possibilities. 2 
We now have a complete result for squares: 
The smallest order of a dissection of a square is 9. 
For every n ~> 9, there is an order-n dissection of a square. 
2 The programming was done initially by Grinnell College student Charles Gibbs as part of a research project 
in the summer of 1992; his assistance is gratefully acknowledged. 
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a) b) 
Fig. 7. A graph yields a compound issection. 
Table 3 
Compound issections of h2 rectangles 
Order; shorter side Code 
8; 18 
9; 35 
11; 64 
12; 50 
13; 48 
(10',7,9) (8',2') (3, 1) (4') 
(19', 11', 10) (4,9 t) (16',8,1') (15') 
(34', 14',32) (6',8') (7, 1,2') (21) (30', 15) 
(26', 11, 17, 10') (20) (1,2',6) (5) (24',4) (16') 
(25', 11',24) (5', 12) (4,6) (1',2) (23',3') (7') (13') 
What about compound issections of 1:2 rectangles? Key observation: By adding 
vertices and edges to a p-net, we can create a 2-connected planar graph that corresponds 
to a compound issection of a rectangle. For example, the graph in Fig. 7(a) gives the 
10-element dissection in Fig. 7(b). It follows that the computer search in the preceding 
section will generate a large number of compound issections. This search yielded 
compound issections of 1:2 rectangles of orders 9, 11, and 12 (but none of order 
10). The codes are given in Table 3. 
This establishes a complete result for 1:2 rectangles: 
The smallest order of a dissection of a 1 : 2 rectangle is 8, and 
for every n/> 8, there is an order-n dissection of a 1:2 rectangle. 
Note." A copy of the C program used to generate the dissections can be obtained via 
anonymous ftp from hilbert.math.grin.edu (or 132. 161.33.39). The directory in which 
the files are located is pub/dissection. 
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4. Open questions 
We have answered the questions of possible orders for dissections of squares and of 
1:2 rectangles into 1:2 elements. Other questions about such dissections remain open; 
we raise four of them. 
Table 1 shows that the two order-12 dissections of a 104 × 104 square have only two 
elements (4 × 8 and 24 x 48) in common. Similarly, the two order-12 dissections of a 
148 x 148 square have only three common elements, as do the two order-12 dissections 
of a 160 × 160 square. We ask: 
Is there a square with two order-n dissections o that no two of the 2n 1:2 elements 
have the same size? 
We can answer yes to the same question for a 1:2 rectangle by applying the fol- 
lowing transformation technique to known examples of squared squares. Observe that 
when a squared square is stretched in one direction to form a 1:2 rectangle, the result 
is a 1:2 rectangle dissected into 1:2 rectangular elements. (Similarly, when a squared 
1:2 rectangle is stretched to form a square, we obtain a square dissected into 1:2 
rectangles.) In [9] Skinner gives an example of a squared square of side length 1429 
having two order-29 compound issections o that no two of the 58 square elements 
have the same size. In addition, a referee supplied an example of two order-26 simple 
squared squares of size 797 having no elements in common. Using the above trans- 
formation, we get examples of 1:2 rectangles having two order-n dissections into 1:2 
rectangles (all with the same orientation) where the dissections have no common ele- 
ments. We expect hat examples of much smaller order exist where the elements have 
both possible orientations. 
What is the smallest n for which there exists a 1:2 rectangle with two order-n 
dissections o that no two of the 2n 1:2 elements have the same size? 
At the opposite xtreme, are there dissections whose elements can be rearranged to form 
different dissections? Examples for squared 1: 2 rectangles and squared squares together 
with the above transformation technique provide affirmative answers. Duijvestijn [6] 
gives a simple squared 302 x 604 rectangle of order 25 whose square elements can 
be arranged to form two different dissections. Bouwkamp in [2] gives a pair (in fact 
two pairs) of simple squared 540 × 540 squares of order 25 with the square elements 
differently arranged. 
Both examples follow from dissections with the property that two different hori- 
zontal lines are at the same distance from the top of the figure. This property also 
holds for the order-8 dissection of a 50 × 87 rectangle shown in Fig. 8(a). (The dis- 
section comes from [8].) The p-net has two vertices (P and P~) at equal potential 
(Fig. 8(b)). The vertices can be coalesced, forming a new p-net (Fig. 8(c)), which in 
turn gives a new dissection (Fig. 8(d)). (This idea dates back to [3].) Note that here 
a simple dissection is turned into a compound issection. We now ask our last two 
questions: 
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Fig. 8. An order-8 dissection of a 50 x 87 rectangle. The elements can be rearranged. 
What is the smallest order o f  a dissection o f  a square whose 1:2 elements can be 
rearranged to produce a different dissection o f  the same square? 
What is the smallest order of  a dissection of  a 1:2 rectangle whose 1:2 elements 
can be rearranged to form a different dissection? 
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